Rules for integrands of the form (g Tan[e + fx])P (a+bSin[e + fx])"

1. j(gTan[ewa])” (a+bsin[e+fx])"dx whena®-b*=0

dx whena?-b%==0

.. J« (gTan[e+ fx])P

a+b51n[e+fx]

Derivation: Algebraic expansion

Basis: If a2 — b2 == @’ then a+bsli-n[z] . Sec;z]2 B SeC[Z]bTa_n[AL
Note: If p == -1, itis better to use the following substitution rule, since it results in a more continuous antiderivative.

Rule: If a2 - b? == 9, then

(gTan[e+fx])P 1 5 1 »
j—dlx—» —jSec[e+fx] (gTan[e+fx])pdlx-—jSec[e+fx] (gTan[e+ fx])"" dx
a+bSin[e+fx] a bg

Program code:

Int[(g_.+tan[e_.+f_.+x_])~p_./(a_+b_.+sin[e_.+f_.+x_]),x_Symbol] :=
1/a*Int[Sec[e+fxx] "2+ (g+Tan[e+fxx])"p,x]| - 1/ (bxg) »Int[Sec[e+Ffxx]« (g*Tan[e+fxx])~(p+1),x] /;
FreeQ[{a,b,e,f,g,p},x] && EqQ[a~2-b"2,0] && NeQ[p,-1]

2: jTan[e+fx]P (a+bsin[e+Fx])"dax whena?-b? =0 A %EZ

Derivation: Integration by substitution

P+

Basis: If P21 € z A a® - b® == @,then Tan [e + f x]P = bCos[e+fx] (bSinferfx])P
(a-bSinf[e+fx]) 2 (a+bSin[e+fx])

E
Basis: cos[e+ fx] F[bSin[e + fx]] == bLfSubst[F[x], X, bSin[e +fx]] 8, (bSin[e +fx])

Rule:Ifa?2 -b% =0 A p;—l € 7,then



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

JTan[ewa]p (a+bsinfe+fx])"dx — chos[e+fX] (bsinfe+fx])" (a+bSin[e+fx])““¥

(a—bSin[e+-Fx])¥

p m-2L
— % Subst [JM dx, x, bsin[e + f x] ]

p+l

(a-x)7=z

Program code:

Int[tan[e_.+f_.*x_]"p_.*(a_+b_.«sin[e_.+f_.#x_])"m_.,x_Symbol] :=
1/f+Subst [Int [x p* (a+X) ~ (M- (p+1) /2) / (a-X) ~ ((p+1) /2) ,X] ,X,bxSin[e+f+x]] /;
FreeQ[{a,b,e,f,m},x] & EqQ[a"2-b"2,0] & IntegerQ[ (p+1) /2]

3. j(gTan[e+fx])p (a+bSin[e+fx])'"d1x whena2-b2=0 A meZz

1: [Tan[e+fx]® (a+bSin[e+fx])"dx whena®-b*==0 AmezZ A p=2m

Derivation: Algebraic simplification

Basis: If a2 -b?==@ AmeZ A p==2m,thenTanfe+fx]? (a+bSin[e+fx])" = —LSinlestxr’

(a-bSin[e+fx])"
Rule:If a2-b%2 =0 AmeZ A p = 2m,then
sinf[e+fx]"

jTan[e+fX]p (a+bSin[e+fx])"'d1x — an(a_bsin[e+fx])m dx

Program code:

Int[tan[e_.+f_.*x_]~p_x(a_+b_.*sin[e_.+f_.»x_])"m_.,x_Symbol] :=
arp+Int[Sin[e+fxx]*p/(a-bsSin[e+f+x]) m,x] /;
FreeQ[{a,b,e,f},x] & EqQ[a~2-b"2,0] & IntegersQ[m,p] & EqQ[p,2xm]

dx



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

2: |Tan[e+fx]” (a+bsin[e+fx])"dx whena®-b?=0 A (m | 2—) €Z A (p<0vm—§->0)

Derivation: Algebraic expansion

Basis: If a2 - b2 ==0 A g— € 7Z,then tane + fx]P == aein sl

(a+bsin[e+f x])P/2 (a-bSin[e+f x])P/2
Rule:If a>-b>==@ A (m| 2) ez A (p<@ VvV m-2>a),then

Sin[e+-Fx]p (a+bSin[e+fx])'"'%

JTan [e+fx]? (a+bsin[e+fx])"dx — aP J\ExpandIntegrand[ s x] dx

(a—bSin[e+-Fx])p/2

Program code:

Int[tan[e_.+f_.*x_]~p_x(a_+b_.+sin[e_.+f_.xx_])"m_,x_Symbol] :=
a“pxInt [ExpandIntegrand [Sin[e+fxx] px (a+bxSin[e+fxx])" (m—p/2)/(a—b*Sin [e+Fxx])~(p/2),x],X] /3
FreeQ[{a,b,e,f},x| & EqQ[a~2-b"2,0] & IntegersQ[m,p/2] & (LtQ[p,@] || GtQ[m-p/2,0])

3: J(gTan[erFx])" (a+bsin[e+fx])"dx whena?-b?==0 A mez*

Derivation: Algebraic expansion
Rule:If a2 -b%2 =20 A me Z*,then

J.(gTan[erFx])p (a+bsin[e+fx])"dx — J(gTan[e+-Fx])pExpandIntegr‘and[(a+bSin[e+-Fx])"', x] dx

Program code:

Int[(g_.~tan[e_.+f_.%x_])~p_.*(a_+b_.#sin[e_.+f_.+x_])~m_.,x_Symbol] :=
Int [ExpandIntegrand[ (g«Tan[e+fxx])~p, (a+bxSin[e+fxx])~m,x],x] /;
FreeQ[{a,b,e,f,g,p},x]| && EqQ[a"2-b"2,0] && IGtQ[m,O]



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

4: J-(gTan[erFx])p (a+bSin[e+-Fx])"'dlx whena2-b2=0 A mez"-

Derivation: Algebraic expansion
Basis:If a2 - b2 =20 A me Z,then (a+bsin[e+fx])" = a2"Sec[e+fx] ™" (aSec[e+fx]-bTan[e+fx])™"
Rule:If a2 -b%?==0 A me z,then

J(gTan[e+fx])p (a+bsine+fx])"dx — az'"J(gTan[e+fx])pSec[e+-Fx]"" ExpandIntegrand[ (aSec[e+fx] -bTan[e+fx])™, x| dx

Program code:

Int[(g_.~tan[e_.+f_.%x_])~p_.*(a_+b_.xsin[e_.+f_.+x_])~m_,x_Symbol] :=
a~ (2xm) »Int[ExpandIntegrand [ (g+Tan[e+fxx])~pxSec[e+fxx]" (-m), (axSec[e+fxx]-bxTan[e+fxx])~(-m),x],x] /;
FreeQ[{a,b,e,f,g,p},x]| && EqQ[a"2-b"2,0] && ILtQ[m,0]



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

4. J(gTan[e+fX])p (a+bsin[e+fx])"dx whena?-b? =0 A m¢z
1. J(gTan[erFx])p (a+bsin[e+fx])"dx whena?-b’>=0 A m¢z A Pez
1. Tan[e+-Fx]2 (a+bsin[e+fx])"dx when a?-b?=0 A m¢z

1: Tan[e+1:x]2 (a+bSin[e+fx])'"d1x when a2 -b%?==0 AmM¢Z A m<©O

Derivation: 77?
Rule:If a2 -b%?==0 Am¢Z A m< 0,then

JTan[e+fx]2 (a+bSin[e+fx])"'d1x —

b(a+bsin[e+fx])" 1 J-(a+b5in[e+fx])"”1(am—b(2m—1)Sin[e+-Fx])
d

ai=(2m—1)Cos[e+1=x]_a2 (2m-1) Cos[e+-Fx]2

Program code:

Int[tan[e_.+f_.%x_]"2«(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=

b (a+b*Sin [e+'F*X] )"m/(a*-F* (2xm-1) xCos [e+'F*X] ) -

1/ (a”2% (2xm-1) ) *Int [ (a+b*Sin [e+f*x] ) A(m+1) * (a*m-b* (2xm-1) *Sin [e+'F*x] )/Cos [e+'F*x] "2,x] /3
FreeQ[{a,b,e,f},x] && EqQ[a~2-b"2,0] & Not[IntegerQ[m]] && LtQ[m,0]

2: Tan[e+1=x]2 (a+bSin[e+-Fx])'"dlx when a2 -b%?==0 AmM¢Z A m¢0O

Derivation: Nondegenerate sine recurrence 1lb withA - a2, B~2ab, C>b?, m- 0@

Rule:If a2 -b%2==0 Am¢Z A m<¢ 0,then

JTan[e+-Fx]2 (a+bSin[e+-Fx])"'dlx —

X



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

(a+bSin[e+1:x])'"+1 1 J~(a+bsin[e+fx])'" (b (m+1) +asin[e+fx])
— dx

+
bfmCos[e+fx] bm Cos[e+'Fx]2

Program code:

Int[tan[e_.+f_.%x_]"2%(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=

- (a+b*Sin [e+f*x] ) A (m+1)/(b*f*m*Cos [e+f*x] ) +

1/ (bxm) +Int[ (a+bxSin[e+fxx]) mx (bx (m+1) +axSin[e+fxx] )/Cos [e+fxx]~2,x] /;
FreeQ[{a,b,e,f,m},x]| & EqQ[a~2-b"2,0] && Not[IntegerQ[m]] && Not[LtQ[m,0]]

2: JTan[e+-Fx]4 (a+bSin[e+fx])mdlx whena?-b2==0 A m- iez

Derivation: Algebraic expansion

Basis: Tan [2]4 == 1- 1230 Sin[z]?

Cos[z]*
Rule:If a2 -b%2 =20 A m- % e 7,then
(a+bSin[e+-Fx])"'(1—25in[e+fx]2)

J\Tan[erFx]4 (a+bSin[e+fx])"'d1x — J(a+bsin[e+fx])'"d1x—f dx
Cos[e+-Fx]4

Program code:

Int[tan[e_.+f_.xx_]"4%(a_+b_.+sin[e_.+f_.*x_])"m_,x_Symbol] :=
Int[ (a+bsSin[e+fxx])~m,x] - Int[(a+bsSin[e+Ffxx])"mx (1-2+Sin[e+fxx]*2)/Cos[e+fsx] 4,x] /;
FreeQ[{a,b,e,f,m},x] && EqQ[a"2-b"2,0] && IntegerQ[m-1/2]



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

(a+bSin[e+-Fx])"'
3.J dx whena?-b?=0 Am-2ecz
Tan[e+1:x]z 2
(a+bSin[e+fx])"'

1:J
Tan[e+-Fx]2

dx whenaz-b2==0/\m-§ez Am<-1

Rule:lfaz—bZ::O/\m—%eZ A m< —-1,then

(a+bsin[e+fx])" (a+bsin[e+fx])m+l+lj-

X — -

j Tan[e+1=x]2 afTan[e+-Fx] b2

(a+bsin[e+-Fx])"'+1 (bm-a (m+1) Sin[e + fx])
d

Sin[e+-Fx]

X

Program code:

Int[(a_+b_.xsin[e_.+f_.xx_]) m_/tan[e_.+f_.+x_]*2,x_Symbol] :=

- (a+b*Sin [e+f*x] ) & (m+1)/(a*f*Tan [e+'F*x] ) +
1/b"2+Int[ (a+bxSin[e+fxx])~ (m+1) « (bxm-ax (m+1) +Sin[e+Ffxx]) /Sin[e+fsx],x] /;

FreeQ[{a,b,e,f},x] & EqQ[a~2-b"2,0] & IntegerQ[m-1/2] && LtQ[m,-1]

(a+bSin[e+-Fx])"'
Z:J dx whena?-b2=0 Am-2ez Am¢-1
Tan[e+-Fx]2 z

Rule:lfaz—bzzze/\m—%ez A m ¢« —1,then

(a+bsin[e+fx])" (a+bsin[e+fx])" +EJ-(a+bSin[e+fx])m (bm-a (m+1) Sin[e + fx])

Sin[e+-Fx]

dx

J dx — -
Tan[e+-Fx]2 -FTan[e+-Fx]

Program code:

Int[(a_+b_.*sin[e_.+f_.xx_])~m_./tan[e_.+f_.+x_]*2,x_Symbol] :=

- (a+bxsin[e+fxx]) m/ (f+Tan[e+fxx]) +

1/axInt [ (a+b*Sin [e+'F*x] ) Amx (b*m—a* (m+1) *Sin [e+'F*x] )/Sin [e+'F*x] ,x] /3
FreeQ[{a,b,e,f,m},x]| && EqQ[a"2-b"2,0] && IntegerQ[m-1/2] & Not[LtQ[m,-1]]



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

dx whenaz—b2==0Am—%eZ

N J«(a+bSin[e+-Fx])m

Tan[e+fx]4

dx whenaz-b2==e/\m-§ez Am<-1

.. J\(a+ bsin[e+fx])"
Tan[e+ -Fx]4
Derivation: Algebraic expansion

Basis: If a2 - b2 == @, then —1— ..  2(@bsinlz)? | (a+bsin[z])? [1+in[z)?)

Tan[z]* absin[z]3 a?sin[z]*

Rule:lfaz—bZ::@/\m—%eZ A m< -1,then

dx

J(a+bsin[e+fx])'"dlx _iJ«(a+bSin[e+fX])m+2dx lj(a+bsin[e+fx])m+z(1+Sin[e+fx]2)

— +
Tan[e+-Fx]4 ab Sin[e+-Fx]3 a? Sin[e+1‘:x]4

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])~m_/tan[e_.+f_.+x_]"4,x_Symbol] :=

-2/ (axb) xInt [ (a+bsSin[e+fxx] )~ (m+2) /Sin[e+fsx]3,x] +

1/a72+Int[ (a+bxSin[e+fxx])~ (m+2) # (1+Sin[e+fxx] 2) /sin [e+fxx]4,x] /;
FreeQ[{a,b,e,f},x] & EqQ[a~2-b"2,0] && IntegerQ[m-1/2] && LtQ[m,-1]

dx whenaz—b2==0/\m—%ez Am¢-1

. J-(a+bSin[e+-Fx])"1

Tan[e+-Fx]4

Derivation: Algebraic expansion

Basis: 1 2 ] 4 L-2sinfz)?

Tan[z]* Sin[z]*

Rule:lfaz—bzzze/\m—%ez A m ¢« —1,then



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

(a+bsin[e+fx])" ) Y (a+bSin[e+fx])'"(1—ZSin[e+fx]2)
J Tan[e+fx]4 dx — J(a+b$1n[e+fx]) dx+J sin[e+-Fx]4 dx

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_])~m_/tan[e_.+f_.+x_]"4,x_Symbol] :=
Int[ (a+bsSin[e+fxx])~m,x] + Int[(a+bsSin[e+fxx])"ms (1-2+Sin[e+fxx]*2)/Sin[e+fsx] 4,x] /;
FreeQ[{a,b,e,f,m},x] & EqQ[a"2-b"2,0] 8&& IntegerQ[m-1/2] & Not[LtQ[m,-1]]



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m 10

5: jTan[erFx]p (a+bSin[e+-Fx])"'d1x whena?-b%2==0 Am¢Z A Eez

Derivation: Piecewise constant extraction and integration by substitution

is: 2 _p2 - p p - (bSin[e+fx])P
Basis: If a° - b* =0 A T eZz,thenTan[e + fx]P = B SinTeFx P2 (aibSinTe X7

Basis: If a2 — b2 == 0, then A, Va+bSin[e+fx] ~/a-bSinfe+fx] __ 0
Cos[e+f x|

Basis: cos[e+ fx] F[bSin[e+ fx]] = —Subst[F[x], X, bSin[e +fx]] ox (bSin[e + fx])

Rule:If a2 -b*> =0 Am¢ 2z A 2 ez, then

(bsin[e+fx])? (a+bsin[e+fx])"??

JTan[e+fx]p(a+bSin[e+-Fx])"'dlx—)f dx

(a—bSin[e+-Fx])p/2

dx

\/a+bsin[e+-Fx] \/a—b51n[e+fx] Cos[e+fx] (bSin[e+fx])? (a+bSin[e+Ffx])™
Cos[e+ fx]

(a-bsin[e+fx]) T

dx, x, bSin[e+fx]]

. \/a+bSin[e+-Fx] '\/a—bSin[e+fx] Subst[pr (a+x)m-¥

b f Cos[e+fx] (a—x)¥

Program code:

Int[tan[e_.+f_.#x_]"p_x(a_+b_.xsin[e_.+f_.#x_])"m_,x_Symbol] :=
Sqrt[a+bxSin[e+fxx] ] +Sqrt[a-bsSin[e+fxx]]/(bxfxCos[e+fxx])*
Subst [Int [x"px (a+x)" (m- (p+1) /2)/ (a-Xx)~((p+1) /2),X],X,bxSin[e+fxx]] /;
FreeQ[{a,b,e,f,m},x] & EqQ[a~2-b"2,0] && Not[IntegerQ[m]] && IntegerQ[p/2]



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

2: J-(gTan[erFx])p (a+bsin[e+fx])"dx whena?-b? =@ AM¢Z A p¢z

Derivation: Piecewise constant extraction and integration by substitution

pT (a+bSin[e+f x])
p+1

pel
2

::@

e 2 k2 (gTan[e+f x] )Pt (a-bSin[e+f x])
Basis: If a - b= == 9, then O (b Sin[erf x])P

Basis: cos[e+ fx] F[bSin[e + fx]] = bl—fSubst[F[x], X, bSinf[e+fx]] ox (bSin[e+fx])

Rule:1fa?2-b%? =0 Ame¢Z A p ¢ Z,then

J(gTan[e+fx])p (a+bsin[e+fx])"dx —

b (gTan[e+'Fx])p+1 (a—bSin[e+-Fx])p2'_1 (a+bSin[e+fx])pziJCos[e+fx] (bsin[e+fx])? (a+bsin[e+fx])" =

g(bsin[e+fx])p*1 (a—bSin[e+-Fx])P;_1

T £x])*! (a-bSin[e+fx])T (a+bsin[e+fx])F p
. (g an[e+ x]) (a 1n[e+ x]) 2 (a+ 1n[e+ x] 3 Subst[Jx (a+x)™ d]x, x,bSln[e+-Fx]]

1=g(bsin[e+-Fx])erl (a- x)z

Program code:

Int[(g_.~tan[e_.+f_.»x_])~p_x(a_+b_.+sin[e_.+f_.»x_])~m_,x_Symbol] :=
(g*Tan [e+'F*X] ) A(p+1) * (a—b*Sin [e+f*x] )"( (p+1) /2) * (a+b*Sin [e+'F*X] )"( (p+1) /2)/(f*g* (b*Sin [e+f*X] ) A (p+1) ) *
Subst [Int [x"px (a+x) " (m- (p+1) /2) / (a-X) *((p+1) /2) ,X],X,bxSin[e+fxx]] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && Not[IntegerQ[m]] & Not[IntegerQ[p]]

dx

11



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

2. j(gTan[e+fx])p (a+bsinf[e+fx])"dx whena’?-b?#0

1: Tan[e+-Fx]p (a+bSin[e+-Fx])"'d1x whena?-b2#0 A %ez

Derivation: Integration by substitution

Basis: If %1 €z, then Tan (e + f X ] p __ bCosf[e+fx] (b Sin(e+-Fpi)1q )P
(b2-b2Sinfe+fx]?) =

Basis: cos[e + fx] F[bSin[e + fx]] ==bl—fSubst[F[x],x,bSin[e+-Fx]]ax(bSin[e+-Fx])
Rule:Ifa? - b% +0 A p;—l € 7, then

JTan[e+fx]p (a+bSin[e+£x])"ax — bJCos[erFx] (bsin[e+fx])P (a+bSin[e+-Fx])md1x

(b? - b?sin[e + £x]?) T

p m
— ESubs‘t[ Lﬂ()ddlx, x,bSin[e+fx]]
f (b2 -7) %

Program code:

Int[tan[e_.+f_.*x_]~p_.*(a_+b_.#sin[e_.+f_.+x_])~m_.,x_Symbol] :=
1/fxSubst [Int[ (x"px (a+x)~m) / (bA2-x"2) "~ ((p+1) /2) ,X],X,bxSin[e+fxx]] /;
FreeQ[{a,b,e,f,m},x]| && NeQ[a~2-b"2,0] & IntegerQ[ (p+1) /2]

12



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

2: J(gTan[e+fX])p (a+bsin[e+fx])"dx whena’-b?>#0 A mez*

Derivation: Algebraic expansion

Rule:If a2 -b%? + @ A me Z*, then

J(gTan[erFx])" (a+bsin[e+fx])"dx — J(gTan[e+-Fx])"ExpandIntegrand[(a+bSin[e+fx])'", x] dx

Program code:

Int[(g_.»tan[e_.+f_.xx_])"p_.*(a_+b_.«sin[e_.+f_.*x_])"m_.,x_Symbol] :=
Int[ExpandIntegrand [ (g+Tan[e+fxx])~p, (a+bxSin[e+fxx]) m,x],x] /;
FreeQ[{a,b,e,f,g,p},x] && NeQ[a"2-b"2,0] && IGtQ[m,O]

13



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

3. J(gTan[e+fx])p (a+bsin[e+fx])"dx whena?-b?#0 A *zzez

dx whena?-b%#0

_ (a+bsin[e+fx])"
" j Tan[e+-Fx]2
Derivation: Algebraic expansion

BaS|S: 1 .. l-sin[z]?

Tan[z]? Sin[z]?

Rule: If a2 - b% 0, then

J-(a+bsin[e+fx])"'dlx n J-(a+bsin[e+fx])"' (1—Sin[e+fx]2)
Tan[e+-Fx]2 Sin[e+-Fx]2

dx

Program code:

Int[(a_+b_.xsin[e_.+f_.xx_])~m_/tan[e_.+f_.+x_]*2,x_Symbol] :=
Int[ (a+bsSin[e+fxx]) mx (1-Sin[e+fxx] "2)/Sin [e+fxx]~2,x] /;
FreeQ[{a,b,e,f,m},x]| && NeQ[a~2-b"2,0]

) J-(a+b5in[e+-Fx])'"

dx whena?-b%#0
Tan[e+1’x]4

dx whena?-b2#0 A m< -1

_ (a+bsinfe+fx])"
" J. Tan[e+1’x]4
Derivation: Algebraic expansion

Basis: 1 2 ] 4 L-2sinfz)?

Tan[z]* Ssin[z]*

Rule: If a2 - b%? + @ A m< -1, then



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

J~(a+bsin[e+fx])"' dx J(a+b5in[e+fx])"’d1x+J(a+bSin[e+fX])m (1—ZSin[e+-Fx]2)

dx —
Tan[e+-Fx]4 Sin[e+fx]4
Cos[t:=_+-Fx](a+bS:'m[e+-Fx])"'+1 (3¥+b2m—2))®sh+fﬂ(a+bﬁnh+fXDM1
3a-FSin[e+1=x]3 3a2b-F(m+1)Sin[e+-Fx]2
1 1
J (a+bSin[e+-Fx])m+1 (6a®-b* (m-1) (m-2) +ab (m+1) Sin[e+fx] - (3a*-b*m (m-2)) Sin[e+fx]2) dx
3a’b (m+1) Sin[e+'Fx]3

Program code:

Int[(a_+b_.xsin[e_.+f_.xx_])~m_/tan[e_.+f_.+x_]~4,x_Symbol] :=
—Cos[e+f*x]*(a+b*Sin[e+f*x])A(m+1)/(3*a*f*sin[e+f*x]A3) -
(3*a”2+b”2x (m-2) ) xCos [e+'F*X] * (a+b*Sin [e+'F*X] ) A (m+1) /(3*3"2*b*f* (m+1) *Sin [e+f*x] "2) -
1/ (3*a*2xbx (m+1) ) *Int [ (a+b*Sin [e+'F*x] )" (m+1)/Sin [e+'F*x] A3x
Simp [6+a"2-b"2# (M-1) # (M-2) +axbx (M+1) xSin[e+fxx] - (3%xa*2-b 2xm+ (m-2) ) xSin[e+fxx]~2,x],x] /;
FreeQ[{a,b,e,f},x] & NeQ[a"2-b"2,0] && LtQ[m,-1] && IntegerQ[2+m]
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Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

dx whena?-b2#0 A m¢-1

. J«(a+bSin[e+-Fx])"'
Tan[e+fx]4

Derivation: Algebraic expansion

BaS|S: 1 =1+ 1-2Sin[z]2

Tan[z]* Sin[z]*

Rule: If a2 -b%? +0 A m<¢ -1, then

(a+bsin[e+fx])" ) . (a+bSin[e+fx])"'(1—ZSin[e+-Fx]2)
J Tan[e+fx]4 dx — J(a+b51n[e+fx]) d1x+J sin[e+fx]4 dx —

Cos[e + x| (a+bSin[e+-Fx])m+1 Cos[e + fx] (a+bSin[e+-Fx])'n+1

3a1=Sin[e+-Fx]3 b1=mSin[e+-Fx]2

1 1
- J : ]3(a+bsin[e+fx])'"(6a2—b2m(m—2)+ab(m+3)Sin[e+-Fx]—(3a2—b2m(m—1))Sin[e+-Fx]2)d1x
abmJ sin|e+fx

Program code:

(* Int[(a_+b_.+sin[e_.+f_.xx_])~m_/tan[e_.+f_.+x_]"4,x_Symbol] :=
-Cos [e+-F*x] * (a+b*Sin [e+f*x] )" (m+1)/(3*a*f*sin [e+f*x] "3) -
Cos [e+'F*X] * (a+b*Sin [e+'F*X] ) A (m+1) /(b*f*m*Sin [e+'F*X] "2) -
1/ (3xaxbxm) *Int [ (a+b*Sin [e+‘F*x] )"m/Sin [e+f*x] A3
Simp [6+a"2-b"2#Mmx (M-2) +axbx (M+3) xSin[e+Ffxx] - (3xa"2-b"2«m« (m-1) ) xSin[e+fx]*2,x],x] /;
FreeQ[{a,b,e,f,m},x] & NeQ[a"2-b"2,0] 8&& Not[LtQ[m,-1]] && IntegerQ[2xm] )
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Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

dx whena?-b2#0 A m¢-1

. J«(a+bSin[e+-Fx])"'

Tan[e+fx]4

Basis: —2— .. —1  _ 2-sin[z”

Tan[z]* sin[z]* Sin[z]?

Rule:If a2 -b%?+0 A m<¢ -1, then

X —

(a+bsin[e+fx])" (a+bsin[e+fx])" (a+b5in[e+fx])'"(2—Sin[e+fx]z)
j Tan[e+-Fx]4 we j Sin[e+-Fx]4 dlx—j Sin[e+-Fx]2 ¢

Cos[e + fx| (a+bSin[e+-Fx])"'+1 b (m-2) Cos[e +fx] (a+bSin[e+1:x])m+1

3a-FSin[e+-Fx]3 6a2+'sin[e+1=x]2
1 1

— | —————(a+bsin[e+fx])" (8a®-b? (m-1) (m-2) +abmSin[e+fx] - (6a®-b’m (m-2)) Sin[e+fx]2) dx

6a’ Sin[e+-Fx]2

Program code:

Int[(a_+b_.xsin[e_.+f_.xx_])~m_/tan[e_.+f_.+x_]"4,x_Symbol] :=
-Cos [e+f*x] * (a+b*Sin [e+'F*x] )" (m+1)/(3*a*f*sin [e+‘F*x] "3) -
bx (m-2) xCos [e+Fxx] » (a+bxSin[e+fxx] )" (m+1) / (6xa~2xFfxSin[e+fxx]"2) -
1/ (6%a"2) xInt[ (a+bsSin[e+fxx])"m/Sin[e+Ffax] 2«
Simp[8xa”2-b"2# (M-1) » (M-2) +axbxm«Sin[e+Ffxx] - (6xa"2-b 2xmx (m-2) ) xSin[e+Ffxx]*2,x],x] /;
FreeQ[{a,b,e,f,m},x]| && NeQ[a"2-b"2,0] & Not[LtQ[m,-1]] & IntegerQ[2m]

dx whena?-b%?#0 A m#1

. J-(a+b5in[e+fx])m

Tan[e+1:x]6

i _35j 2 e N
BaS|S: 1 o 1-3sinfz]” 3-Sin[z]

Tan[z]® Sin[z]® Sin[z]?

Rule:If a2 -b%? +0 A m # 1, then
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Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

J«(a+b51n[e+1:x] B J~ a+bSin[e+-Fx])"'(1—351n[e+fx]2) d]X+J~(a+bsin[e+fx])m(3—Sin[e+1:x]2)
Tan[e+-Fx] Sin[e+1‘:x]6 Sin[e+1=x]2
Cos[e + x| (a+bSin[e+-Fx])"I+1 b (m-4) Cos[e + fx] (a+bSin[e+-Fx])'"+1
) 5a1=Sin[e+-Fx]5 ) 20a21=Sin[e+-Fx]4 '
aCos[e+-Fx] (a+bSin[e+-Fx])'"+1 Cos[e+-Fx] (a+bSin[e+-Fx])"'+1 1 (a+bSin[e+-Fx])"I
b2fm (m-1) Sin[e+-Fx]3 ! b-FmSin[e+-Fx]2 +2032b2m(m-1)J Sin[e+-Fx]4

(6@a* -44a’b®> (m-1) m+b*m (m-1) (m-3) (m-4) +

dx

abm (20a’-b’m (m-1)) Sin[e+fx] - (40a*+b*m (m-1) (m-2) m-4)-zaazw(m-1)(2m+n)sﬂﬂe+fxr)dx

Program code:

Int[(a_+b_.+sin[e_.+f_.»x_])"m_/tan[e_.+f_.+x_]"6,x_Symbol] :=

-Cos [e+f*x] * (a+b*Sin [e+'F*x] )" (m+1)/(5*a*f*sin [e+‘F*x] "5) -

bx (m-4) xCos [e+fxx] » (a+bxSin[e+fxx]) " (m+1) /(20xa*2+FxSin[e+fsx] 4) +

axCos [e+-F*x] * (a+b*Sin [e+-F*x] )" (m+1)/(b"2*-F*m* (m-1) *Sin [e+-F*x] "3) +

Cos [e+'F*x] * (a+b*Sin [e+f*x] ) 2 (m+1)/(b*f*m*S:i.n [e+f*x] "2) +

1/ (20%a”2xb”2xmx (m-1) ) *Int [ (a+b*Sin [e+'F*x] ) "m/Sin [e+'F*x] A%

Simp [60xa”4-44%a"2xb"2# (M-1) #M+b 4xmx (M-1) » (M-3) » (M-4) +axbxmx (20%a"2-b 2xmx (m-1) ) *Sin[e+Fxx] -
(40%a"4+b xmx (M-1) * (M-2) » (M-4) -20%a"2xb 2 (M-1) * (2xm+1) ) xSin[e+Ffxx]*2,x],x] /;

FreeQ[{a,b,e,f,m},x]| && NeQ[a~2-b"2,0] & NeQ[m,1] && IntegerQ[2m]

dx whena?-b2#0 A 2pez

A J-(gTan[e+1‘:x])p

a+bSin[e+-Fx]

dx whena?-b%*#0 A 2pezZ Ap>1

. J (gTan[e+ fx])P

a+b51n[e+-Fx]

Derivation: Algebraic expansion

2

BaSIS- Tan[z]2 __ aTan[z]? bTan[z] a
* a+bsin[z] (a%-b?) sin[z]? (a%-b?) Cos[z] (a2-b?) (a+bsSin[z])

Rule:If a2 -b2+0 A 2peZ A p>1,then
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Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

aZ

g2

Sin[e+-Fx]2 a’ - b’

dx
a+bSin[e+fx]

J~(gTan[e+fX])p . J«(gTan[e+-Fx])'°d]X bg J~(gTan[e+-Fx])p'1
bZ

Cos[e+fx]

Program code:

Int[(g_.+tan[e_.+f_.xx_])~p_/(a_+b_.xsin[e_.+f_.»x_]),x_Symbol] :=
a/ (a*2-b"2) +Int[ (g+Tan[e+f+x] ) p/Sin[e+fxx]*2,x] -
bxg/ (a"2-b~2) »Int[ (gxTan[e+fxx])~ (p-1) /Cos [e+Fxx],x] -
ar2xg"2/ (a”2-b"2) xInt[ (gxTan[e+Ffxx] )~ (p-2) /(a+bxSin[e+fxx]),x] /;
FreeQ[{a,b,e,f,g},x]| && NeQ[a"2-b"2,0] && IntegersQ[2+p] & GtQ[p,1]

dx whena?-b%>#0 A 2peZ A p<-1

). (gTan[e+ fx])P
Ja+b$1n[e+fx]
Derivation: Algebraic expansion

. 2_p2 2
Bas's- 1 . 1 _ bTan[z] _ (a’-b%) Tan[z]

* asbsin[z]  aCos[z]? a? Cos[z] a? (a+bSin[z])

Rule:If a2-b2+0@ A 2peZ A p < -1,then

a? - b?

a% - b?

(gTan[e+ -Fx])’J+2

J(gTan[e+fX])pdx . ij(gTan[erFx])pd]x_LJ«(gTan[erFx])pddl

a+bsin[e+fx] Cos[e+1‘:x]2 a’g Cos[e + fx]

Program code:

Int[(g_.+tan[e_.+f_.xx_])~p_/(a_+b_.xsin[e_.+f_.»x_]),x_Symbol] :=
1/axInt[ (g+Tan[e+f+x])~p/Cos[e+fxx]"2,x] -
b/ (ar2#g) xInt[ (gxTan[e+fxx] )~ (p+1) /Cos[e+Ffxx],x] -
(a”2-b"2) / (a"2#g~2) »Int [ (gxTan[e+fxx] )~ (p+2) / (a+bxSin[e+fxx]),x] /;
FreeQ[{a,b,e,f,g},x] & NeQ[a"2-b"2,0] & IntegersQ[2p] && LtQ[p,-1]

aZ gZ

J

a+bSin[e+-Fx]

J~(gTan[e+-Fx])'°'2

a+bSin[e+fx]

dx

dx



Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

. J\/gTan[e+fX]

a+bSin[e+fx]

dx whena?-b2#0

Derivation: Piecewise constant extraction

BaS|S: a)(\/Cos[eva] VgTan[e+f x] =0
vV Sin[e+f x]

Rule: If a2 - b% # 0, then

J\'\lgTan[erFx] . \/Cos[e+fx] \/gTan[e+fx] y/ sin[e + fx]

———dx

a+bsin[e+ fx] \/m \Cos[e+fx] (a+bsin[e+fx])

dx

Program code:

Int[Sqrt[g_.+tan[e_.+f_.+x_]]/(a_+b_.xsin[e_.+f_.*x_]),x_Symbol] :=
Sqrt[Cos[e+fxx]]+Sqrt[g+Tan[e+fxx]]/Sqrt[Sin[e+fxx] ]| +Int[Sqrt[Sin[e+f+x]]/(Sqrt[Cos[e+fxx]] (a+bxSin[e+fxx])),x] /;
FreeQ[{a,b,e,f,g},x]| && NeQ[a~2-b"2,0]
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Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

1

4:
J'\/gTan[e+fX] (a+bsin[e+fx])

dx whena?-b%2#0

Derivation: Piecewise constant extraction

Basis: s, v sinfes+fx]

VCos[e+fx] VgTan[e+fx]

Rule: If a2 - b% # 0, then

1 \/sin[e+fx] \/Cos[e+fx]

dx — dx

J'\/gTan[ewa] (a+bsin[e+fx]) \/Cos[e+fx] \/gTan[e+fx] \/Sin[e+fx] (a+bsin[e+fx])

Program code:

Int[1/(Sqrt[g_stan[e_.+f_.xx_]](a_+b_.#sin[e_.+f_.+x_])),x_Symbol] :=
Sqrt[sin[e+fxx]]/(Sqrt[Cos[e+fxx]]*Sqrt[gsTan[e+f+x]]) »Int[Sqrt[Cos[e+fxx]]/(Sart[Sin[e+fxx] ]« (a+bxSin[e+fxx])),x] /;
FreeQ[{a,b,e,f,g},x]| && NeQ[a~2-b"2,0]
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Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

5: JTan[e+fx]p (a+bSin[e+-Fx])"'dlx whena?-b%#0 A (m| '21) €z

Derivation: Algebraic expansion

Basis: If % € Z,then Tan[e + fx]P - —Sinlesfx1?
(1—Sin[e+-Fx]2)"'/2

Rule:If a>-b*>#@ A (m | 123) € 7, then

Sin[e+1=x]p (a+bSin[e+-Fx])'"

JTan [e+fx]® (a+bsin[e+fx])"dx — JExpandIntegrand[ s x] dx

(1—Sin[e+-Fx]2)'°/2

Program code:

Int[tan[e_.+f_.#x_]"p_x(a_+b_.xsin[e_.+f_.#x_])"m_,x_Symbol] :=
Int[ExpandIntegrand [Sin[e+fxx]~px (a+bxSin[e+fxx] )"m/(l—Sin [e+fxx]"2)~(p/2),x],x] /;
FreeQ[{a,b,e,f},x] & NeQ[a~2-b"2,0] & IntegersQ[m,p/2]

X: J‘(gTan[erFx])p (a+bsinfe+fx])"dx

Rule:

J(gTan[erFx])p (a+bsin[e+fx])"ax — J(gTan[e+fx])p (a+bsin[e+fx])"ax

Program code:

Int[(g_.»tan[e_.+f_.xx_])"p_.*(a_+b_.«sin[e_.+f_.*x_])"m_.,x_Symbol] :=
Unintegrable[ (g+Tan[e+fxx])~p* (a+bxSin[e+fxx])"m,x] /;
FreeQ [ {a: b,e,f,g,m, P}:X]
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Rules for integrands of the form (g tan(e+f x))~p (a+b sin(e+f x))~m

Rules for integrands of the form (g Cot[e + fx])P (a+bSin[e + fx])"

1: J-(gCot[ewa])p (a+bsin[e+fx])"dx whenp ¢z

Derivation: Piecewise constant extraction
Basis: O ((gCot[e+fx])? (gTan[e+fx])P) =

Rule: If p ¢ Z, then

(a+bsin[e+fx])"

J(g Cot [e +F x] ) P (a+bsin [e +f x] )"' dx — g2IntPartip] (g Cot [e +f x] ) FracPart[p] (gTan [e +f x] ) FracPart(p] J
(gTan[e+ fx])P

Program code:

Int[(g_.»cot[e_.+f_.xx_])~p_»(a_+b_.*sin[e_.+f_.»x_])"m_.,x_Symbol] :=
g~ (2+IntPart[p]) » (g+Cot [e+fxx] ) ~FracPart[p] « (g+Tan[e+fxx]) FracPart [p] +Int[ (a+bxSin[e+fxx]) m/(g+Tan[e+f+x])"p,x] /;
FreeQ[{a,b,e,f,g,m,p},x] & Not[IntegerQ[p]]
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